JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 16, No. 3, July-September 2002

Exact Solution for Nonlinear Thermal
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An analytical solution is provided to the nonlinear diffusion equation, with the thermal conductivity given as a
linear function of temperature. The derivation of the solution, and implications of it, are presented. The boundary
and initial conditions associated with the solution provide applicability to specific cases. The solution is useful for
verifying numerical (computer) solutions to thermal diffusion with temperature-dependent thermal conductivity.
The (nonlinear) analytical solution is compared to a numerical solution from a finite element code to verify the
accuracy of the code and to establish the order of convergence for the spatial discretization error.

Nomenclature
C = error constant
c = volumetric heat capacity, J/m? - K
llell,, = general error norm, K
Fo, = mesh Fourier number (dimensionless)
f = time-dependentseparation variable (dimensionless)
g = spatial dependent separation variable (dimensionless)
H, = error seminorm, K/m
h = characteristicmesh size, m
h, = convection coefficient, W/m? - K
k = thermal conductivity, W/m - K
ko = thermal conductivityat 7 =0, W/m - K
ky = thermal conductivity sensitivity to temperature, K™
L, = error norm, K
Lo = error norm, K
P = error exponent
T = temperature, K
t = time, s
w = transformation variable for temperature (dimensionless)
X = spatial variable, m
B = spatial shifting constant (dimensionless)
y = time shifting constant (dimensionless)
6 = temperature (dimensionless)
Ouo = ambient temperature (dimensionless)
A = separation of variables constant (dimensionless)
Superscript
+ = dimensionless variable
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I. Introduction

WO related subjects are addressed in this paper. The first sub-

jectis a procedureto developan analytical solution to the math-
ematical equation of nonlinear thermal diffusion. The nonlinearity
results from thermal conductivity varying linearly with tempera-
ture. The second subjectis the verification of a numerical computer
code. When the analyticalsolutionis used, the correctnessand accu-
racy of a computer code to simulate numerically nonlinear thermal
diffusionis assessed.

The solution to the linear diffusion equation for heat conduction
has long been accomplished using separation of variables, as pio-
neered by Sturm and Liouville.! Subsequent to the introduction of
the method of separation of variables, the method of Green’s func-
tions has been used to solve a variety of specific cases of linear
heat conductionproblems. This method has been advanced by Beck
et. al.> and has been used in solving the diffusion equation for heat
conductionunder a wide variety of boundary and initial conditions.
Temperature-dependert thermal conductivity and volumetric heat
capacity have been dealt with using the Kirchhoff transformation
(see Ref. 3), where the temperature dependence of conductivityand
volumetric heat capacity are identical to one another, yielding a
constant diffusivity. Becker* examined similarity solutions of the
nonlinear heat conduction problem, involving a local heat pulse,
and found a solution analogous to a Green’s function for the linear
problem.

In contrastto the linear-based methods just discussed the present
research provides an algebraic form of the solution of the nonlinear
thermal diffusion equation when the thermal conductivity varies
linearly with temperature and volumetric heat capacity is constant.
For many materials, the thermal parametersin the diffusionequation
are strong functionsof temperature’ In such cases, the conventional
linear solution methods are no longer applicable.

This paper provides the derivation of an exact analytical solu-
tion for a nonlinear thermal diffusion problem. The analytical solu-
tion provides insight into anomalous behaviorinherent in nonlinear
equations. The boundary and initial conditions for the solution are
determined from the solution itself. The primary use of the solution
isintendedto be for verification of numerical computercodes, which
can treat arbitrary boundary and initial conditions. The solution is
well suited for verification because it has a simple analytical form
and it can be precisely and unambiguously evaluated.

Greater reliance on the use of computational physical simulation
in the engineeringdesign process has increased our need to quantify
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the accuracy of computational simulations. There are broadly two
classifications of accuracy. The first classification addresses whether
the instantiation of the mathematical physical models, including so-
lution algorithms, are accurate; this is verification. The second clas-
sification addresses whether computational models are an accurate
representation of physical processes and involves experimentation;
this is validation. A succinct description® is that verification deter-
mines whetherwe are solvingthe equationsright, whereas validation
determines whether we are solving the right equations. Verification
needs to be done before addressing validation. Verification and val-
idation as applied to understanding the accuracy of the physical
(computer) simulationsare a growing area of study (see Refs. 6 and
7). Verification is addressed in this paper.

The verification process compares a computer program’s numeri-
cal solution to a solution obtained independentlyto assess the accu-
racy of the program. In this case, we compare the numerical solution
to an analytical solution. Because numerical solutions depend on a
discrete representation, we must address the dependence of the nu-
merical solution on the discretization. Hence, verification should
establish that the numerical solution is accurate, that the accuracy
improves as the discretizationis refined, and that the discretization
error decreases at a rate consistent with the theoretical rate of con-
vergence for the numerical method. Having achieved the theoretical
convergence rate, we are confident that the computer program is
solving the mathematical equations accurately and is free of error.

Verification is an exercise in mathematics to address whether
the computer programis accurately solving the mathematical equa-
tions. Solutions based on physically realistic problems are not nec-
essarily required. Roach® advocates the method of manufactured
solutions in which a (analytical) function is arbitrarily selected as
the solution. Terms remaining after passing the function through
the mathematical differential equation are imposed as volumetric
source terms. The method of manufactured solutions typically re-
sults in a space-time-dependent volumetric source term as well as
space-/time-dependentboundary and initial conditions. To verify a
mathematical differential equation that is not solved with a volu-
metric source term, the assumed function must be carefully selected
(as outlined in this paper). Similarly, for verifying mathematical
equations that include boundary and initial conditions of a simple
prescribed form, typically constants, additional requirements on the
assumed function must be imposed. In this case, analytically solv-
ing the mathematical equations may be an avenue for obtaining a
solution. To verify the various aspects of the code that discretize
the mathematical equation representing the describing differential
equation while imposing boundary and initial conditions, a host of
solutions (manufactured and exact analytical) are required.

The analytical solution presented in this paper contains a singu-
larity that causes the computed temperature to reach infinity at some
point on the time continuum. Provided the numerical and exact so-
lutions are evaluated at a time close enough to the singularity that
the solutionis not effectively constantin the spatial continuum, the
solutionis useful for verification. This singularity may help to quan-
tify the limit of a numerical method in terms of its ability to follow
the exact solution at the theoreticalconvergencerate. Moving closer
to the singularity and stressing the numerical solution may provide
additional insight to the limits of the theoretical characteristics of
the numerical approximation. This feature of the anlaytical solution
is not studied in this paper.

An outline of the paperis now given. The solution to the nonlinear
differential equation for the problem is provided in Sec. II. The
applicationofinitialand boundaryconditionsis discussedin Sec. I11.
Graphical representations of dimensionlessresults are presented in
Sec. IV. Verification of a numerical solution, through a comparison
with the exact solution, is discussed in Sec. V with a summary of
resultsin Sec. VI.

II. Solution

In this paper, the thermal conductivityis assumed a linear function
of temperature, expressed as

where k is the thermal conductivity at the temperature 7 and the
product kok, represents the slope of thermal conductivity variation
with temperature. The differential equation for heat conduction,
using Eq. (1) for thermal conductivity, is

T 9

oT
rm —koa—x[(l +k1T)a—xi| 2

When the transformationw = 1 + k, T is used, the partial deriva-
tives of w can be written as

d oT a oT
=k, =k 3)
ot ot ax ax
Substituting these derivatives into Eq. (2) gives
cdw ky 9 dw dw  ky 9%2(w?) @
— | = — 0z
oot koax|oax] O “ar 2 ax

With use of the separation of variables principle, let w(x,?) =
f(t)g(x), and substitute this into Eq. (4) to get

cf'g = (ko/2)f*(8%)" ®)

where f'=df/dt and g” = d’g/dx>. Dividing both sides of Eq. (5)
by f2g, we have

of /f* = ko(g®)' [28 = 6)

where X is a constantdue to the independenceof f and g. Examining
the time-dependent portion of the solution, we have

flfP=afe ot (/f) ==h/c @)
Integrating both sides gives
Uf =iy —tfe) or  [f=1/Dy —t/0] ®)

where y is a constant of integration.
From the x-dependent portion of Eq. (6), we have

ko(82) /28 =%  or  2ky(g?) (g% =4(g)gh (9)

when both sides are multiplied by 4g(g?)’. Rearranging each side
gives

ko{l(g®)' Y = $(8)'2 (10)
which can be directly integrated to obtain
kol(g))T = 2¢°x (11)

Notice that there is some loss of generality in Eq. (11). The constant
of integration is taken as zero for convenience to continue with the
derivation. Expanding the derivative on the left-hand side yields

4kog®(g)’ = 2g’A (12)
and dividing by 4g? gives
ko(g")? = 3¢ (13)
which produces
g =2g/3k  or
Integrating once again gives
V&=V /6k)(x + ) or
where B is a constantof integration. Recalling the original definition

of the separation of variablesas w(x, t) = f (#)g(x) and combining
the time and space solutions [Eq. (8) and Eq. (15)] gives

(V8) =/ 1/6ko (14)

g = (A/6ko)(x + B)* (15)
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_ (x+p)?
w(x,t) = —6k0(y —70 (16)

The separation constant A in Eq. (6) cancels when the time and
space solutions are multiplied. The remaining constants, 8 and y,
are arbitrary and can be redefined as dimensionless quantities. An
equivalentexpression for w(x, ¢) using dimensionless 8 and y (for
convenience the same symbols are used) is

(/L +B)°
6()/ - kot/ch)

Substituting this equation into the original transformation,
w=14k T, gives the temperature distribution

1 [ (x/L + B)? 1}

w(x,t) = (17)

T =266 — ®form) (e

ki
Note that this solution is found without specifyinginitial or bound-
ary conditions. The nature of the solutionis such that it does not lend
itselfto the applicationof constantboundary conditions. Rather, the
boundary conditions follow a functional form dictated by the solu-
tion itself. This is due in part to a loss of generality conceded to by
arbitrarily forcing a constant of integration to be zero in Eq. (11)
of the derivation. The initial and boundary conditions can only be
modified by adjusting 8 and y .
The temperature solution in Eq. (18) can also be written in
dimensionless form as

1 (x*+ + B)2
Ottt = E((;/Tp;))_ (19)
where the dimensionless variables are
ot tH =k T(x,1) (20a)
xt=x/L (20b)
1" =kt [cL? (20c)

A few general comments are now given regarding this solution.
Equation (18) is the solution to nonlinear (transient) thermal diffu-
sionin which thermal conductivityis assumedto be a linear function
of temperature and the volumetric heat capacity is considered con-
stant. No boundary or initial conditionshave been imposed to obtain
the solution. The solution has a simple algebraic form but exhibits
nonlineardependence on time, position, and the thermal properties.

One can view the solutionin Eq. (18) as a manufactured solution®
that exactly satisfies the partial differentialequation (PDE) for non-
linear thermal diffusion. The method of manufactured solutions® is
a process to generate an analytical solution to a PDE by assuming
a functional form for the solution, passing the assumed solution
through the PDE, and grouping the remaining terms in a volumetric
source term. Typically the process results in a complicated (time-
and space-dependent) volumetric source term. The functional form
inEq. (18) exactly satisfies the PDE for a nonlinearthermal diffusion
problem. The solution outlined in this paper provides guidance on a
functionalform thatsatisfies the PDE fornonlinearthermal diffusion
as well as mathematical techniques to guide selection/derivation of
the assumed functional form when applying the method of manu-
factured solutions.

The two arbitrary constants, 8 and y, serve to translate linearly
the spatial and temporal dependence, respectively. For the purpose
of verification, the space translating constant 8 can be set to 0. The
temporal constanty shifts the time at which the solutionis singular;
specifically, the solution is singularat y =¢*.

Based on physical requirements, some additional constraints on
the solution are that the thermal conductivity and the volumetric
heat capacity must both be positive. The value for volumetric heat
capacity is constantand can, therefore, be easily specified as greater
than zero. The thermal conductivity, however, is a function of tem-
perature and, therefore, varies with time and position. Substituting

Eq. (19) into Eq. (1) gives the functional variation of the thermal
conductivity

ko(x* + B)?
6(y —11)

To maintain k > 0, it is necessary that (y — t7)/k, be greater than
zero. Therefore, if ko is positive, we must have ¢t <y, and if k
is negative, we must have t* > y. Another way of expressing the
allowable values of time for this equationis ¢ < ¢cL?/ k. Because y
linearly translates the time ¢, we can have either y > 0 and ky > O or
y < 0and ky < 0. It is more convenientto use the solution for which
y >0 and ky > 0.

KT (x",17)] = 2D

III. Initial and Boundary Conditions
The initial temperature distributionis given by

0(x*,0) =[x+ p)*/6y]—1 (22)

which is found by substituting ™ =0 into Eq. (19). This equation
is quadratic in x* and can be either positive or negative.

Boundary conditionsare establishedby the solutionand are found
by substituting x* =0 and 1 into the solution. The boundary con-
ditions for prescribed temperature are

+ B

6(0,t7) = m -1 (23a)
T

0(1,t7) = —6()/ = (23b)

Errors in the numerical solution of the temperature are more sen-
sitive to heat flux boundary conditions than to those of prescribed
temperature. The heat flux at any point in the continuum is

it 0t 4B

+x+7t+ = —
q7( ) axt 18(y—t+)2

(24)

where k" is dimensionless thermal conductivity, defined as k/ k.
This expression is then evaluated at the boundaries to obtain

3
gt (0,t7) = _—18(yﬂ— e (25a)
1+ p)°
g (1,t%) = —% (25b)

Notice that,at x* = 0, the heat flux is zero for 8 = 0. Hence, we have
the very unusual case of the same surface being both at a constant
temperature [Eq. (23a)] and being insulated [Eq. (25a)] for 8 =0.
The explanation for the heat flux being zero for x* =0 and § =0
is that the thermal conductivity goes to zero for this condition [see
Eq. 2D].

The solution can also be used to derive convection and radiation
boundary conditions. Consider the convection boundary condition
at xT =1 with 8 =0. The heat flux boundary at x* =1 in dimen-
sionless terms can be written from Eq. (25b) as

gt(1,tT) = —1/18(y —tT)* = —ht[0, —0(1,11)] (26)

Two possibilitiesnow exist. We can prescribea functionalfor 2} and
solvefor 0, (h7) or, the reverse, prescribe 0, and solve for 271 (6).
When the former is considered, let 2} be a known function. We can
solve for the dimensionless ambient temperature

O = 1/18hF(y — 17 +6(1, 1) = 1 /18hF (y —1%)?
+1/6(y —t) —1 (27)

For a prescribed functional form of the dimensionless convection
coefficient given as

hf=1/18(y —t7)? (28)
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the dimensionless ambient temperature in Eq. (27) that satisfies the
boundary condition in Eq. (26) is

O = 1/6(y —17) (29)

When the functionalform for the convectioncoefficientand ambient
temperature given in Egs. (28) and (29) is specified, the nonlinear
analytical solution in Eq. (19) is applicable; a problem with a con-
vection boundary condition can be verified.

Similarly, we can derive boundary conditions for surface radia-
tion. The radiation boundary condition,

gt =—oe[0(1, 1) =01 =—1/18(y — 17> (30)

can be used to obtain the dimensionless ambient temperature,
assuming ¢ is known, of

0 = [1/1820 (y — 1)+ 6(1,1)]7

= [1/18ea(y — 1) +1/6(y — 1%) — 1]1 31)

Similar to the convection boundary condition, we can solve for ei-
ther 0., (g) or (6, ) where we assume a functional form for the
independentvariable.

Consequently, the analytical solution to nonlinear thermal diffu-
sion can be used to verify problems with temperature, heat flux,
convection, and radiation boundary conditions. Only solutions with
prescribed heat flux on the boundary are studied for verification in
this paper.

IV. Graphical Presentation of Dimensionless Results

Figures 1 and 2 are the dimensionless temperature solution as
a function of dimensionless time and location with 8 =0; Fig. 1
is for y =1, and Fig. 2 is for y =0.01. The latter produces much
larger dimensionless temperatures but the shapes in Figs. 1 and 2
are basically the same because the term with the divisionby y — ¢
is much larger than unity as ¢ approaches y. The values of the
dimensionless temperature for the smaller y approach 500 at the
dimensionless time of 0.0098.

Figure 3 shows the dimensionlesstemperature as a function of lo-
cation for three differentdimensionlesstimes with f =0andy = 1.
The times are t™ =0.9, 0.95, and 0.98. These times are chosen to be
near the critical dimensionless time of 1T =y = 1. At the selected
times, the gradients in the temperature are large, unlike those for
t* less than 0.5 (for y =1). Setting 8=0 and y =1 with the di-
mensionless time going to at least 0.90 should provide a valuable
verification check for computer codes.
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Fig. 1 Dimensionless temperature as a function of dimensionless time
for various dimensionless locations, 3 =0 and ~ = 1.0.
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Fig. 2 Dimensionless temperature as a function of dimensionless time
for various dimensionless locations, 3 =0 and v =0.01.
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Fig. 3 Dimensionless temperature as a function of dimensionlessloca-
tion for various dimensionless times, 3 =0 and v =1.0.

V. Verification Results

As part of the Accelerated Strategic Computing Initiative pro-
gram of the Department of Energy, a general framework for solving
computational physical models is being developed. A finite ele-
ment thermal analysis code being implemented in this framework is
CALORE. The nonlinear analytical solution developed here is used
for verification of CALORE.

We are free to select the thermal properties, time, and constants 8
and y in the analytical solution [Eq. (19)] for verification. However,
toassessthe accuracyof finite element solution,a problem with (spa-
tial) curvature, relative to the order of the basis functionsused in the
finite element discretization, is needed. As already demonstrated,
the nearer the (dimensionless) time is to y, the more curvature the
solution exhibits (Fig. 3). Because linear elements (basis functions)
are to be used in the finite element solution, by the selection of
the dimensionless time such that it approaches the magnitude of
y, the analytical solution has a curvature that is of higher order than
the linear elements. For the verification study, thermal conductiv-
ity is taken to have variation described by ko =1.0 W/m-K and
k; =1.0 K~', whereas volumetric heat capacity is ¢ = 1.0 J/m® - K.
The values of 8 =0 and y =0.44 are selected somewhat arbitrar-
ily. This is because the specific time to evaluate the solution can be
chosen such that dimensionless time is near y. Given the specified
constants (8 and y ) and values selected for the thermal properties,
atime of r =0.4 s gives a dimensionless time 1+ =0.4.

Because CALORE presently solves only three-dimensionalprob-
lems, we consider a three-dimensional unit cube (1 x 1 x 1 m?)
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Table1 Norm values for finite element approximation error in a nonlinear conduction problem
while maintaining a constant mesh Fourier number during discritization refinement

Mesh size h, m  log;q(h) Ly, °C logo(Lso) L,,°C logo(L2) H;,°C/m  logy(H;)
1/5 —-0.70 1.06 0.026 9.12E-01 —0.040 1.07 0.0302
1/10 —1.00 2.68E-01 —-0.572  2.07E-01 —0.683 4.46E—-01 —0.350
1/20 —1.30 6.65E-02 —1.18 499E-02 —1.30 1.51E-01 —0.823
1/40 —-1.60 1.72E-02 —-1.77 1.28E-02 —1.89 6.54E—-02 —1.18
Slope, p 1.986 2.054 1.368
llellm = ChP Coefficient, log(C) 1.413 1.383 0.992
35— T — T T T T T T T
o
— Exact
sl o 10-Elements 1 10° | ]
© Z20-Elemants
O.\
g | lel,, 107"} |
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Fig. 4 Comparison of nonlinear analytical solution with a finite
element solution.

with only a single element across the y-z plane to match the one-
dimensional analytical solution. The imposed initial condition and
boundary conditions for the finite element model are derived from
the analytical solution. The initial condition [Eq. (22)] is derived by
evaluating the solution at # =0, and the heat flux boundary condi-
tions on the x =0 and 1 face are givenin Egs. (25a) and (25b). Mesh
densities 1/ h along the x directionof 5, 10, 20, and 40 elements are
studied. The time step is correspondingly decreased as the mesh is
refined; time steps At are 0.04, 0.01, 0.0025, and 0.000625 s, for
the four mesh densities, respectively. Time steps are selected such
that the mesh Fourier

Fo,, = (ko/c)At [ W (32)
remains a constant value of 1.0 as the mesh is refined. A backward
Euler time integratoris used. Convergence tolerances of 1.0E—10
are specified for both the Picard iteration for solving the nonlinear
problem and for the iterative method used to solve the linear system
(matrix) of equations.

The numerical (finite element solution) and exact analytical tem-
perature as a function of position are shown in Fig. 4 for mesh
densities of 10 and 20 elements at a time of 0.4 s. The conductivity
variationk(T) =ko(1 + &k, T) =1+ T, for the selected values of k
and k,. Hence, conductivity varies appreciably in magnitude from
0 to over 4 W/m - K over the spatial domain. The spatial variation
of conductivity is identical in form to the temperature distribution
shown in Fig. 4. The finite element solution has a maximum error
of 8 and 2% for 10 and 20 elements, respectively, which decreases
to less than 0.5% with 40 elements. Given this agreement, one has
reasonable evidence that there are no significant errors or bugs af-
fecting the accuracy of the finite element solution (for the parts of
the code exercisedby this solution). To be certain there are no errors,
however, we need to study the convergencerate of the error as the
discretizationis refined.

The finite element solution is an approximation. To complete
verification, we must study the nature of the approximate solution
and its dependence on the discretizationand compare convergence

h(m)

Fig. 5 Error norms for discritization refinement with a variable time
step, selected to maintain a constant mesh Fourier number.

rates for the discretization error with theoretical values. For this
purpose, we need to quantify the error® in the approximate solution.

Three error norms/seminorms are studied to quantify the differ-
ence between the analytical solution 7 and the approximate finite
element solution 7V (Ref. 8). Because this is a transient solution,
we shall select a time ¢ at which to evaluate the error. We discuss
the interplay between time and space discretizations next. The first
norm is based on the maximum error in the spatial domain of the
solution (2 =10, L])

Lo = ||€||ooZmaélTN(X,t)—T(X,f)l (33)
X €

The second error norm integrates the squared differencesin temper-
ature over the domain

1
2

Ly = ello = f[TN(x, 1) —T(x,n] dx (34)
Q

whichis commonly calledthe L, norm. The third erroris a seminorm
that involves the first derivative of the solution integrated over the
domain

2
H = lel, = / |:dTN(x,t) B dT(x,t)i| dx
Q

dx dx (35)

We shall study the convergence of the finite element solution in
these error measures.

The error norms as a function of mesh size i are listed in
Table 1. The norms were generated for a solution using values
of kh=1.0 Wm-K, k;=1.0K"", ¢=1.01/m3 K, and 1 =0.4 s,
where $ =0 and y =0.44. A log plot of the error norms as the mesh
size is reduced is shown in Fig. 5. Coefficients from a linear fit to
the log of the error norms are listed for each error norm/seminorm
under the data in Table 1. As a reference, lines with slope equal to
1 and 2 are shown in Fig. 5.

Norms L, and L, are seen to decrease nominally with a slope
of 2 as the mesh size decreases; the finite element discretization
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Table 2 Norm values for finite element approximation error in a nonlinear conduction problem
while maintaining a constant time step (A#=0.000005 s) during discretization refinement

Mesh size h, m  log;q(h) Ly ,°C logo(Lso) L,,°C logo(L2) H;,°C/m  logy(H;)
1/5 —-0.70 337E-02 —1.47 142E-02 —1.84 482E-01 —0.317
1/10 —1.00 8.33E-03 —2.08 357E-03 —-2.45 241E-01 —0.619
1720 —-130 2.08E-03 —2.68 921E-04 —-3.04 1.02E-01 —0.920
1/40 —-1.60 S5.20E-04 —3.28 2.32E-04 -—3.63 6.02E—-02 —1.22
Slope, p 2.005 1.976 1.001
llell, = Ch? Coefficient, log(C) —0.0725 —0.4687 0.3819
scheme is second order in these error norms. The seminorm H,, 10° .
which involves the derivative of the solution, decreases with a slope
of approximately 1.4. Not surprisingly,error in the derivative of the
solution decreases at a lower rate than the error in the solution. To
understandwhetherdemonstratedconvergencerates are appropriate 107k |
and the code s correct, the theoreticalconvergencerates are studied.
The approximate error for a linear finite element solution can be
derived®’ as
lell, o7k ]
lellw < =" IT s 4y (36)
where ¢’ is a constant (independentof & and T), h is the character-
istic length of an element, s is the degree of polynomialin the finite "
element shape function, and m is the order of the highest derivative 0
appearing in the norm/seminorm expression. In Eq. (36), we have
assumed the analytical solution T is sufficiently smooth, meaning
the analytical solution has bound derivatives up to (at least) s + 1. B
Linear elements are used for these analysis, that is, s =1, and the 1010-2 16-1

analytical solution has bound second derivatives (s + 1). Substitut-
ing for s and combining ¢’ with the norm of the analytical solution
in Eq. (36) gives

lell., = Ch? (37

The rate of convergenceis p=(2—m) and C is a constant with
respect to i, which can depend on the smoothness of the analyt-
ical solution. The theoretical basis for this result is a linear anal-
ysis. Although the problem addressed here is nonlinear, the linear
analysis provides, at least, a limiting case as the nonlinear solution
approaches the linear case.

Theoretical dependence of the approximation error, assuming a
linear problem, is given in Eq. (37). The L, norm, m =0, should
converge with a slope of 2, that s, second-orderaccuracy. Although
the problem is nonlinear, the results for the L, norm in Table 1
and Fig. 5 demonstrate the theoretical accuracy. The seminorm H;,
m =1, should converge with a slope of 1 and demonstrate first-
order accuracy. We achieve a slightly higher convergence rate of
1.4. Given that the L, norm follows the theoretical rate, we would
expect the H; seminorm to follow accordingly, but it does not. We
investigate this outcome next. Although the theory does not apply
to the local nature of the L, norm, its demonstrated convergence
rate is second order.

The approachtaken to study the dependenceon discretizationfor
this transient problem is to refine the spatial and time discretiza-
tion simultaneously such that the mesh Fourier number [Eq. (32)]
remains constant. One can show the local truncation error for a lin-
ear problem depends on the mesh Fourier number. Furthermore, we
have demonstrated the theoretical convergencerate (first order) for
the H, seminorm while maintaining a constant mesh Fourier num-
ber for a linear problem (using the same computer code). In the
nonlinear case, this may not hold. To investigate the dependence
of our earlier results (generated while maintaining a constant mesh
Fourier number) on the selected time step and the general approach,
we used a fixed time step while refining the spatial discretization.
We repeated the process while refining the time step until the error
norms reached the asymptotic region. The grid convergenceresults
as a function of selected time step are shown in Fig. 6 and listed in
Table 2 for the time step for which the norms are in the asymptotic
region.

h(m)

Fig. 6 Error norm for discretization refinement with a fixed time step.

The demonstrated convergence rate (Table 2 and Fig 6) for the
seminorm H, using a fixed time step while refining spatially agrees
with the theoretical value; convergence is first order. Furthermore,
notice that the seminorm is fairly insensitive to the selected time
step. The L, and L., norms require the time step to be decreased
nearly two orders of magnitude (compared to the smallest time step
used while maintaining a constant mesh Fourier number) to reach
the asymptoticregion. However, the convergencerate for L, and L o,
norms is nominally the same as that observed while maintaining the
mesh Fourier number constant, both norms are second order.

For the nonlinear case, these data demonstrate that maintaining
a constant mesh Fourier number will result in an expected con-
vergence rates for the L, and L, norms, but gives an unexpected
convergence rate for the seminorm H;. Maintaining the time step
constant while refining the spatial discretization gives the expected
convergencerate for all norms. The seminorm H; is insensitive to
the magnitude of the time step, butthe L, and L, norms require the
time step to be reduced significantly to reach the asymptotic region.
Convergence rates based on the linear theory were realized for the
nonlinear verification problem.

Finally, with the demonstrated accuracy and convergence rates,
we have documented evidence that the finite element code is
correctly solving the nonlinear thermal diffusion equation.

VI. Conclusions

An analytical solution to the equation for nonlinear thermal dif-
fusion with thermal conductivity varying linearly with tempera-
ture and all other thermal properties constant has been presented.
Because of the dependence of the boundary and initial conditions
(which are generated from the solution itself) on location and time,
the solution has limited application for physically based problems.
The solution methodology and analytical techniques to derive the
solution are potentially useful for solving other related problems.
Use of the analytical solution to verify a finite element numerical
code for solvingnonlinearheat conductionwas presented. Accuracy
of the numerical solution and the expected rate of convergence of
the discretization error were demonstrated.
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